AbstractÐThe present work discusses a ®nite-strain plasticity model for soft clays. To motivate such a model, the in®nitesimal-strain assumption is shown to be inadequate for the constitutive description of soft clays. Hence, assuming the multiplicative elasto-plastic decomposition of the deformation gradient, a ®nite-strain Cam-clay model is presented. In particular, with respect to the original Cam-clay formulation, this model improves the description of the isotropic compression behaviour as well as of the elastic shearing response. The constitutive laws are discussed and their implications are pointed out. The physical meaning of the model parameters is carefully addressed. Finally, the ability to properly match some experimental results available in the literature is assessed. #
I. INTRODUCTION
The constitutive behavior of geomaterials can be eectively modelled in the framework of the elasto-plastic theory, as suggested by the main aspects of their mechanical response, such as strong non-linearity, irreversibility, pressure dependence, shear induced contractancy or dilatancy, volumetric hardening and softening. As a matter of fact, the theory of plasticity is adopted for the solution of the simplest and most frequent geotechnical engineering problems, such as bearing capacity of foundations, stability of retaining structures, slope stability, etc.
It is common practise to indicate the works of Coulomb (1776) and Rankine (1857) as the ®rst applications of plasticity to geomechanics. Although these works are dated more than a century ago, the development of eective elasto-plastic laws for geomaterials is relatively recent. In fact, it has been strongly delayed by the high computational cost and the uncertainties in the material parameters. Hence, only in the last decades, along with the signi®cative improvement of both computational methods and experimental techniques, have important results been obtained in the constitutive modelling of soils and rock.
A major aspect of geomaterial mechanical response is the pressure dependence. In the elasto-plasticity framework, this feature can be modelled assuming that the deviatoric section of the yield surface increases with compression. These``conical'' yield surfaces were proposed by Drucker and Prager (1952) , by Drucker (1953) and by Shield (1955) . However, these classical yield criteria do not predict the development of inelastic strains under isotropic compression; furthermore, the assumption of an associative¯ow rule leads to an overestimation of the dilatant behavior of soils. To overcome the ®rst limit, a conical yield surface closed by a cap along the hydrostatic axis (Cap-model) was proposed by Drucker et al. (1957) . The description of the soil dilatant behavior was improved with the Cam-clay model, developed in Cambridge during the '60s (Roscoe and Scho®eld, 1963) . In fact, this model distinguishes between the yield surface and the surface representing the``ultimate'', condition of material. The latter is a conical surface; it is called`c ritical'' and it represents the soil states characterized by nil increments of the volumetric plastic strain.
Most of the large number of elasto-plastic models proposed for clays in the last three decades can be considered as improvements of the Cam-clay (overviews can be found in Wroth and Houlsby, 1985; Gens and Potts, 1988) . In particular, the``Modi®ed Cam-clay'' model (Roscoe and Burland, 1968) diers from the original formulation for the shape of the yield curve and it has proven to be quite accurate in predicting the behavior of soft clays under quasi-static and monotonic loading conditions (e.g. see Wroth, 1975; Wood, 1990) . Moreover, it is based on few parameters which can be obtained from conventional laboratory tests (Scho®eld and Wroth, 1968; Atkinson and Bransby, 1978) . These aspects make the Modi®ed Cam-clay frequently adopted for research and design purposes, also in ®elds involving materials dierent than soils (e.g. see Saada et al., 1996; Martin et al., 1997) . However, the isotropic compression constitutive relations assumed in the original and in the Modi®ed Cam-clay models lead to the prediction of some physically unacceptable behaviors (Hashiguchi, 1995) . Moreover, the Cam-clay and the Modi®ed Camclay assumption of an in®nite elastic shear modulus is in contrast with the experimental response of clays (Wroth and Houlsby, 1985) ; similarly, unrealistic responses are obtained using a constant ®nite modulus, as proposed by several authors to slightly improve predictions and to facilitate the numerical implementation. As an alternative, a shear modulus depending on pressure is frequently assumed; however, the way this dependence is expressed leads to a non-conservative stress±strain relation (Zytinsky et al., 1978) .
On the other hand, it can be observed that a ®nite-strain approach is required for a correct analysis of some frequent geotechnical problems, such as the tilting of towers or the stability of slopes subjected to large movements. In spite of these considerations, almost the totality of the constitutive models proposed for clays are formulated within in®nitesimal deformation hypothesis. Simo and Meschke (1993) proposed a ®nite-strain Cam-clay model based on the traditional linear vÀln p relation and a constant elastic shear modulus. The need of an improved description of the response to isotropic compression and elastic shearing has motivated the recent research on a ®nite-strain extension of the Cam-clay model (Borja and Tamagnini, 1995, 1998; Callari et al., 1996 Callari et al., , 1997 .
In the following, the constitutive laws of Cam-clay and Modi®ed Cam-clay are recalled and brie¯y discussed (Section II). Particular emphasis is placed on the discussion of the adopted isotropic compression constitutive relations (Section III). Their main limits are pointed out and some alternative relations proposed in the literature are discussed.
Furthermore, the in®nitesimal-strain hypothesis is shown to be inadequate to the constitutive modelling of soft clays.
Hence, a ®nite-strain Cam-clay model is formulated within a multiplicative elastoplastic framework (Section IV.2). In particular, the model is based on: (i) an elastic strain energy function with a form similar to the one proposed by Houlsby (1985) ; (ii) a convex yield function assigned in terms of true stresses and true internal variables and resembling the Modi®ed Cam-clay yield criterion. It is proven that this combination is acceptable from a formal and a physical point of view; in fact, the resulting model does not violate the basic thermodynamic laws and leads to a realistic description of soil behavior.
Section V presents a detailed discussion of several aspects of the model. The attention is focused on the isotropic compression behavior; in particular, the pressure-volume laws in terms of Kirchho stress are compared with the analogous relations in terms of Cauchy stress. Starting from this comparison, the``Kirchho'' model parameters are recovered from the``Cauchy'' ones and some considerations on the elasto-plastic decomposition of volumetric strain are reported.
Then, the rate form of the elastic law is recovered and some limits of the model applicability are pointed out. Furthermore, the setting of material parameters and initial conditions is discussed.
Finally, the model ability to reproduce some experimental data available in the literature is investigated in Section VI. In particular, using the implicit integration procedure presented in (Callari et al., 1998) , numerical simulations of laboratory tests are carried out and the model predictions are compared with some experimental results reported in (AlTabbaa, 1987) .
Throughout this paper, strains and stresses are assumed positive in the case of compression. A standard notation is adopted to indicate the euclidean space (R 3 ), the space of positively de®ned symmetric tensors (Sym + ), the euclidean norm kÁk, the trace of a tensor (tr( . )), the symmetric part of a tensor (sym( . )), the deviatoric part of a tensor (dev( . )), the material gradient (D . ), the second order (I) and the fourth order (I) identity tensors.
II. CAM-CLAY AND MODIFIED CAM-CLAY
The Cam-clay and the Modi®ed Cam-clay elasto-plastic models are both formulated within the in®nitesimal-strain hypothesis. In particular, they are based on the classical additive elasto-plastic decomposition of the in®nitesimal strain tensor 4 4 e 4 p . The formulation of both models is brie¯y discussed in this Section.
For future developments, the de®nition of the speci®c volume is recalled:
where V and V s , are the current volume of the whole soil and of the solid phase, respectively.
II.1. Elastic stress±strain law
Both the Cam-clay and Modi®ed Cam-clay adopt a nonlinear elastic law expressed in rate-form as: ' K I I 2" I À 1 3 I I ! 4 e PXP where K and " are the bulk and the shear modulus, respectively. In particular, K is a function of the pressure p X 1 3 tr ' and of the speci®c volume v:
with k a dimensionless material constant.
II.2. Yield criterion
The following yield criteria are assumed:
where q X 3a2 p k dev' k, the quantity M is the slope of the critical state line (CSL) in the p À q plane and p c is the stress-like hardening variable, called preconsolidation pressure.
The Cam-clay yield curve is non-smooth ( Fig. 1(a) ) and overestimates the deviatoric plastic strain increments, especially for small values of the ratio between octahedral tension and pressure. The elliptical yield curve adopted in the Modi®ed Cam-clay ( Fig. 1(b) ) improves the deviatoric plastic strain predictions (Roscoe and Burland, 1968) .
Figures 2 and 3 show the Modi®ed Cam-clay yield surface in the principal stress space and in the p À q À v space, respectively. In the second representation, the trace of the yield surface on the p À v plane is the normal-consolidation line (NCL), whose physical meaning is explained in Section III.
II.3. Flow rule
Both models adopt an associative¯ow rule. For instance, in the Modi®ed Cam-clay the plastic strain increment is expressed as: 
where is the plastic consistency parameter.
II.4. Hardening law
The volumetric hardening law is expressed in rate form as:
where l is a material constant and 4 p v is the plastic part of the volumetric strain increment 4 v X tr 4 Remark II.1: In the original works (Roscoe and Scho®eld, 1963; Roscoe and Burland, 1968) , no elastic shear strain is assumed, which corresponds to set an in®nite shear modulus " in the stress-strain law eqn (2.2). However, not only is this assumption unrealistic, but it also makes dicult the numerical implementation of the model. Hence, two alternative variations of the elastic law are usually adopted.
The ®rst one considers a constant ®nite value for the elastic shear modulus ", however, this choice is not in a good agreement with the observed soil behavior (e.g. see Wroth and Houlsby, 1985) . Furthermore, for small values of pressure, negative values of the Poisson's ratio are obtained, which is physically unacceptable.
The second variation of the elastic law assumes a ®xed value for the Poisson's ratio # (e.g. see Borja and Lee, 1990; Borja, 1991; Hashash and Whittle, 1992; Groen, 1995; Groen et al., 1995) , returning the following dependence of the shear modulus on the pressure:
Although this approach seems more realistic then the ®rst one, it leads to a nonconservative stress±strain relation (Zytinsky et al., 1978) .
III. ISOTROPIC COMPRESSION CONSTITUTIVE RELATIONS

III.1. The vÀln p relations
Both the original and the Modi®ed Cam-clay models describe the isotropic compression response through linear relations between the speci®c volume v and the logarithm of the pressure p. These relations can be expressed as follows (Fig. 4) :
in the elstoEplsti rnge QXP where v p is the speci®c volume obtained by unloading the current con®guration (pY v) to the initial pressure p 0 ; k and l are the slopes, in the vÀln p plane, of the over-consolidation lines (OCL) and of the normal-consolidation line (NCL), respectively. The sets p c0 Y v c0 and p c Y v c are the pressure and the speci®c volume pertaining to the initial and the current yielding state, respectively. Some of the consequences relative to the adoption of vÀln p relations are now investigated. Using Fig. 4 , it is easy to verify the following relation:
where v 0 is the initial speci®c volume. Substitution of this relation in the normal consolidation line equation (3.2) leads to:
In clayey materials the solid phase compressibility is usually negligible in comparison with the overall one; hence, the volume of the solid phase can be assumed constant (V s V s0 ). According to this hypothesis and recalling eqn (2.1), the initial and the current volume can be expressed as V 0 v 0 V s0 and V vV s0 , respectively. Therefore, the volumetric strain can be computed as: 
Combination of eqn (3.6) with eqns (3.1) and (3.4) leads to the following stress-strain relations in rate form:
It must be observed that these constitutive equations are obtained from the pressure± volume relations (3.1±3.2) using the de®nition of the volumetric strain E v (3.5) and relations (3.6). However, de®nition (3.5) is rarely used in the geotechnical literature. In fact, the volumetric strain increment is usually de®ned as À #a# (e.g. Scho®eld and Wroth, 1968; Atkinson and Bransby, 1978; Wood, 1990) , whose integration gives the logarithmic volumetric strain:
Hence, starting from the incremental elasto-plastic decomposition e p , the following constitutive equations are obtained in rate form (Scho®eld and Wroth, 1968; Atkinson and Bransby, 1978) :
Relations (3.9) are usually preferred to constitutive equations (3.7). In fact, in the Camclay and Modi®ed Cam-clay models, the elastic bulk modulus expression (2.3) and the hardening law (2.7) are given, respectively, by: 4
which are (3.9), rewritten in the in®nitesimal-strain hypothesis:
In the material response predicted by the pressure-volume relations (3.1± 3.2) there are some physically unacceptable aspects (Hashiguchi, 1995) ; for instance, for high pressure values, negative speci®c volumes can be reached.
Moreover, according to eqn (3.10), both elastic and elasto-plastic tangent compressibilities decrease as the current speci®c volume v increases; this feature is unrealistic, because the soil deformability increases with decreasing density (v increasing).
Furthermore, the presence of v in (3.10 1 ) makes the elastic response to depend on the plastic volumetric strain 4 p v ; the thermodynamic consistency of this elasto-plastic coupling is not a priori veri®ed.
The volumetric strain eqn (3.8) is usually preferred to E v eqn (3.5), as the corresponding stress-strain eqn (3.9) better ®t experimental data. This result points out that the in®nitesimal-strain hypothesis is inadequate for the constitutive modelling of soft clays, as shown in the following.
Using a standard notation, let a deformation 9 X f 3 R 3 be considered, where f & R 3 is the body reference con®guration. Hence, x X 9X is the position of a material point X P f and FX X d9XadX is the deformation gradient tensor. It can be shown that J X detF measures the current volume for unit volume in the reference con®guration, i.e. J VaV 0 . The displacement associated to 9 is de®ned as uX X 9X À X and its gradient is Du duadX F À I. A deformation 9 is called in®nitesimal when its displacement gradient is``small'' i.e. when in®nitesimals of order higher than:
can be neglected in the description of 9 (Gurtin, 1981) . Consistently with de®nition (3.12), the volumetric strain can be considered as à`s mallness'' parameter:
Neglecting the solid phase compressibility, the parameter 3 v can be rewritten as:
The following Taylor series expansion can now be considered:
where O3 2 v are the in®nitesimals of order higher than 3 v . In the in®nitesimal-strain hypothesis, the terms O3 2 v can be neglected, leading to:
Hence, it might be concluded that, if in®nitesimal-strain hypothesis were adequate, the constitutive equations obtained from the adoption of E v and of should be equivalent. On the contrary, as already pointed out, the mechanical response of clays is better described by relations (3.9) than by eqn (3.7).
This shows that the approximation E v is in general not acceptable, i.e. O3 2 v terms are not negligible. Therefore, the in®nitesimal-strain hypothesis is inadequate for an eective constitutive modelling of soft clays.
III.2. The ln vÀln p relations
To overcome the shortcomings of the vÀln p equations (see Remark 3.1), Hashiguchi and Ueno (1977) , Butter®eld (1979) and Hashiguchi (1995) propose to adopt ln vÀln p linear relations:
where k Ã and l Ã are the slopes, in the ln vÀln p plane, of OCL and NCL, respectively. From eqns (3.16) and (3.17) the following relation is obtained:
which is analogous to eqn (3.4). Recalling de®nition (3.8), the elastic and plastic parts of the logarithmic volumetric strain can be expressed, respectively, as:
Hence, substitution of eqns (3.16) and (3.18) leads to the following constitutive equations:
It can be shown that bilogarithmic relations (3.16±3.17) and their implied eqns (3.20±3.21) do not produce the unrealistic predictions previously discussed with reference to the vÀln p laws. For instance, both elastic and elasto-plastic tangent compressibilities do not depend on v. Furthermore, the hypothesis of solid phase incompressibility V s V s0 is no longer a requirement and (3.16±3.17) can be directly written in terms of the total clay volume V. Bilogarithmic relations (3.16±3.17) are implemented in a number of in®nitesimal-strain models of Cam-clay type (e.g. Wroth and Houlsby, 1980; Houlsby et al., 1982; AlTabbaa, 1987 
which are coincident with eqns (3.1) and (3.4), respectively, setting:
Therefore, the in®nitesimal-strain hypothesis implies that the relations #Àln p and ln # À ln p are equivalent; on the contrary, it is experimentally proven that the latter better describe the mechanical behavior of clays (Butter®eld, 1979) . Hence, it is not consistent to adopt bilogarithmic pressure-volume relations while continuing to consider the in®nitesimal-strain hypothesis. On the contrary, the ability of the ln vÀln p relations to reproduce the experimental behavior, calls for a ®nite-strain approach.
Remark III.2 Expressions (3.23) explain why k Ã kav and l Ã lav are often reported in the literature (e.g. Houlsby et al., 1982) as``approximated'' relations between k Ã Y l Ã and kY l.
IV. A FINITE STRAIN CAM-CLAY MODEL
In the following, the general formulation of a class of constitutive laws based on a multiplicative elasto-plastic decomposition of the deformation gradient is brie¯y recalled in Section IV.1. Within this framework, a ®nite strain Cam-clay model is formulated in Section IV.2.
IV.1. Basic preliminaries
The multiplicative theory of elasto-plasticity is based on the following decomposition formula:
where F e and F p are indicated as the elastic and the plastic part of the deformation gradient tensor, respectively. This decomposition follows from the notion of intermediate con®guration, which is de®ned as the con®guration obtained by unloading the current con®guration. The formula (4.1) was ®rst considered in (Lee and Liu, 1967; Lee, 1969) .
As an eect of multiplicative decomposition eqn (4.1), the elastic left Cauchy-Green strain tensor b e X F e F e t can be expressed as:
where C p X F p t F p is the plastic right Cauchy-Green strain tensor. The Lie derivative of the elastic left Cauchy-Green strain tensor is de®ned as:
substitution of eqn (4.2) leads to:
Finally, the time derivative of b e is recovered from expression (4.2) as:
where l FF À1 is the spatial velocity gradient. The attention is now focused on the class of multiplicative elasto-plastic laws with a convex yield function de®ned on the current con®guration (Simo, 1992) .
IV.1.1. Elastic domain. The elastic domain can be de®ned on the current con®guration as:
where f (Y i is a convex yield function expressed in terms of the Kirchho stress ( and of the stress-like hardening variable i. It can be shown that the Principle of Objectivity restricts the choice of f(Y i to isotropic functions. Consistently with this restriction also the elastic response is assumed to be isotropic. Hence, the elastic strain energy function can be expressed as Wb e X Sym 3 R (Chadwick, 1976) .
IV.1.2. Plastic dissipation. The free energy is de®ned as:
where H is the energy associated to the strain-like hardening variable $. In a purely mechanical theory, the energy dissipation density is de®ned as the dierence between the stress power and the rate of change of the free energy:
where, according to the adopted sign convention, d X Àsym l is the spatial rate of deformation. For the case herein considered, D coincides with the plastic dissipation density. The Clausius±Plank law requires the energy dissipation to be non-negative for all admissible processes: D ! 0. Hence, using eqn (4.5) and following a standard argument (Coleman and Gurtin, 1967) , time dierentiation of the free energy function eqn (4.7) leads to:
where i is the stress-like hardening variable conjugated to $:
Due to the speci®c free energy de®nition (4.7), (eqn (4.9) 1 ) and (4.10) can be rewritten, respectively, as:
where eqn (4.11 1 ) is the hyperelastic constitutive relation between the Kirchho stress tensor and the left Cauchy-Green strain tensor, while eqn (4.11 2 ) is the hardening law.
IV.1.3. Evolutionary equations. According to the Maximum Dissipation Principle (Hill, 1951) , the actual state ((Y i P E d maximizes the dissipation function D. Hence, taking into account eqn (4.9 2 ), the following inequality:
This constrained maximization problem is equivalent to the equations:
where the constraints eqn (4.13 3 ) are the plastic loading/unloading conditions expressed in the classic Kuhn±Tucker form.
IV.1.4. Reduction to principal directions. The spectral representation of the elastic left Cauchy-Green strain tensor is now considered:
where n 1 Y n 2 Y n 3 are the principal directions and l As a consequence of the isotropic elastic response, the principal directions of the Kirchho stress tensor and of the elastic left Cauchy-Green tensor b e coincide; hence, the spectral decomposition of ( takes the form:
Taking again into account the isotropy assumption, the elastic strain energy can be expressed as a function of the elastic principal stretches (Ogden, 1984) and, therefore, as a function of their logarithms: Wb e W& e . Hence, recalling the de®nition of & e eqn (4.15) and introducing the vector of principal Kirchho stresses:
The isotropic yield function can be expressed in terms of principal stresses: f(Y i fY i. Hence, its gradient can be spectrally represented as:
IV.2. Model formulation
A ®nite-strain Cam-clay model is now formulated within the multiplicative elastoplastic framework discussed so far. 
RXPS
where and k are positive dimensionless material constants, and, as shown in the following, p 0 is the initial pressure. The isotropic elastic potential eqn (4.25) is obtained from the one proposed by Houlsby (1985) as an extension to the ®nite-strain framework. According to eqn (4.18), the vector of principal Kirchho stresses is obtained as: 
RXPV
Using the de®nition of and its decomposition eqn (4.27), is easy to verify that:
where 1 Y 2 Y 3 are the eigenvalues of dev (. Hence, p is the Kirchho pressure, while t is the vector of principal deviatoric Kirchho stresses. It can be observed that k t kk dev( k. Furthermore, indicating with ' the Cauchy stress and recalling that ( X J', the following relations between the invariants of ( and of ' are recovered:
Remark IV.1: Setting e 0 and e e 0 in the constitutive eqn (4.28 1 ), p p 0 is obtained; hence, p 0 is the initial pressure. Obviously, being J 1 in the reference con®guration, (4.30 1 ) implies that the Kirchho and the Cauchy initial pressures coincide.
Remark IV.2: It is interesting to observe the coupling between the volumetric and the deviatoric parts of the non-linear elastic constitutive law. To evaluate the eects of relations (4.28) on the predicted shearing and isotropic compression response, the following equations are considered: Graphs of eqn (4.31) relative to constant pressure paths p 50Y p 100 and p 150 k are plotted in a k t k À k e e k diagram (Fig. 5(a) ). It is apparent that the shear tangent stiness increases with p. Hence, dierently from other formulations (see Remark 2.1), this realistic response is obtained using a conservative stress±strain relation.
Graphs of eqn (4.32) relative to constant deviatoric stress paths k t k 0Y k t k 100 and k t k 150 k are plotted in a p À e diagram (Fig. 5(b) ). These curves point out a slight in¯uence of k t k on the bulk tangent stiness. In fact, increasing e , the second addendum of eqn (4.32) decreases and the curves tend to overlap.
A detailed experimental study of the predictive ability of elastic constitutive law by Houlsby (1985) can be found in (Borja et al., 1997) .
IV.2.3. Yield criterion. The following convex and isotropic yield function, de®ned on the current con®guration, is considered:
Equation (4.33) is the Modi®ed Cam-clay criterion eqn (2.5) expressed in terms of Kirchho stress invariants. In particular, q X 3a2 p k dev( k 3a2 p k t k Jq and the preconsolidation pressure p c is the stress-like hardening variable i p c . It can be observed that the slope M of the critical state line in the p À q plane is coincident with the slope of the same line in the p À q plane; in fact, and qap qa p.
IV.2.4. Flow rule
Taking into account the spectral decomposition eqn (4.19), the evolutionary equation (4.13 1 ) can be rewritten as:
RXQR
Recalling expression (4.27), the derivative of the yield function with respect to can be computed as:
Substituting in eqn (4.34), the following¯ow rule is obtained:
IV.2.5. Hardening law. The plastic volumetric logarithmic strain is chosen as hardening variable $ p . The corresponding energy is assumed as:
where l is a dimensionless material constant and p c0 ®xes the initial size of the yield curve. Recalling eqn (4.11 2 ), the following hardening law is obtained:
Remark IV.1: It can be shown that the evolution of p prescribed by the associative¯ow rule eqn (4.36) is dierent from that one implied by eqn (4.13 2 ), i.e.:
p T À d fY p c dp c 4 5 RXQW hence, the adopted hardening law is``non-associative''.
V. ANALYSIS OF THE MODEL
The major implications of the ®nite-strain Cam-clay model herein presented are now discussed in detail.
V.1. Isotropic compression p À v relations
As recalled in Section III.1, J X detFX measures the current volume for unit volume in the reference con®guration; hence, the speci®c volume de®nition (2.1) implies:
where V s0 and V s , are the initial and the current volume of the solid phase, respectively, while v 0 is the initial speci®c volume. Assuming that the compressibility of the solid phase is negligible y , i.e. V s V s0 , then:
Therefore, the de®nition of the logarithmic volumetric strain eqn (4.23) and the decomposition eqn (4.24) imply, respectively:
This hypothesis is not a requirement for the formulation of the present model (see Section III.2). However, the solid phase contribution to volumetric strains of clays is normally negligible. For this reason, v is the most frequently adopted volumetric measure, especially in the experimental context. Accordingly, instead of the total volume, the speci®c volume is still considered in this section.
where, as shown in the following, the quantity v p has the same physical meaning of the quantity v p introduced in Section III.
The elastic isotropic compression constitutive relation is obtained setting e e 0 in eqn (4.28 1 ):
SXS
Substitution of eqn (5.4 1 ) gives the following pressure-volume relation for overconsolidated clays:
It can be observed that v p is the volume obtained unloading the current con®guration to the initial pressure value. Hence, v p is the speci®c volume in the intermediate con®guration.
To obtain the elasto-plastic isotropic compression constitutive relation, eqn (5.4 2 ) is substituted into the hardening law eqn (4.38):
Furthermore, indicating with v c0 and v c the speci®c volumes corresponding to p c0 and p c , respectively, it is easy to verify that ( Fig. 6) :
Recalling eqn (5.7), the pressure-volume relation for normally consolidated clays is obtained:
Hence, for the case of isotropic compression, the considered Cam-clay model reduces to vÀln p linear relations. As pointed out in Section III, these bilogarithmic laws do not lead to the unrealistic behaviors predicted by vÀln p linear relations, assumed in the original and in the Modi®ed Cam-clay.
V.1.1. Material classi®cation problem. The classi®cation of the elastic material described by the energy function (4.25) is now considered. The bilogarithmic relation (3.16) between the Cauchy pressure p and the speci®c volume v can be written in the form: pv
, which characterizes adiabatic transformations of gases. This fact is not just a formal analogy, as observed by Butter®eld (1979) , but the solution of the relative classi®cation problem, as shown in the following.
Recalling the volumetric-deviatoric decomposition of the deformation gradient F e J e 1a3 F e , with detF e 1, the elastic strain energy can be expressed as WF e w v J e Y F e . Then, following (Podio-Guidugli and Vergara Caarelli, 1991), the volumetric sub-energy can be de®ned as:
SXIH
A material whose elastic strain energy is given as WF e hJ e is classi®ed as a¯uid (e.g. see Marsden and Hughes, 1983) ; among¯uids, the distinction between liquids and gases can be done analysing the¯uid behavior under extreme deformations.
From the strain energy function eqn (4.25), setting F e I, i.e. e e 0, the corresponding volumetric sub-energy is obtained as:
and for the case of extreme deformations it gives: J e 3 0 e 3 I A w v J e 3 I J e 3 I e 3 ÀI A w v J e 3 0 SXIP Noting that the strain energy goes to zero when the material is inde®nitely expanded, the condition to classify a¯uid as a gas is veri®ed. Hence, the constitutive elastic behavior in isotropic compression prescribed by eqn (4.25) and, in general, by ln vÀln p linear relations, is to be classi®ed as gas-like.
Starting from the comparison between``Cauchy'' and``Kirchho'' pressure-volume relations, some considerations on the elasto-plastic decomposition of the volumetric strain are now carried out. In particular, the assumption of a non stress-free reference con®g-uration results in two dierent elasto-plastic decompositions of the volumetric strain, depending if the``Cauchy'' or the``Kirchho'' pressure-volume relations are considered.
Let a normally consolidated sample p 0 p c0 be isotropically compressed to the value p 1 of Kirchho pressure; then, it is unloaded to the initial pressure p 2 p 0 . In Fig. 7 , the ln p À ln v curve relative to this loading-unloading path is plotted together with the corresponding one in terms of Cauchy pressure. It can be observed that when the Kirchho pressure is reduced to the initial value p 0 , the Cauchy pressure does not recover the same value; in fact:
Hence, the Cauchy pressure recovers its initial value p 0 only if the sample is further unloaded; in particular, as obtained from eqn (5.6), the following Kirchho pressure must be reached: i.e. with reference to the volume measures, the``Kirchho'' intermediate con®guration does not coincide with the``Cauchy'' one. This result follows from the assumption of a non-nil initial pressure p 0 , which is a requirement for every constitutive law characterized by the``gas-like'' solution eqn (5.12 2 ).
Recalling now de®nitions (3.19) and (5.4), from inequality (5.22) it follows that: e T e p T p SXPQ Hence, the elasto-plastic decomposition of the volumetric strain induced by constitutive laws in terms of Kirchho pressures (eqns (5.6 and 5.9)) does not coincide, in general, with the elasto-plastic decomposition induced by constitutive laws in terms of Cauchy pressures (eqns (3.16 and 3.17) ). Clearly, the total strains coincide and in particular their volumetric components, i.e. . To obtain the relation between the two speci®c volumes v p and v p , the pressure p 3 J 3 p 0 is substituted in eqn (5.21) and, being J 3 v p av 0 (Fig. 7) , it follows: 
SXPT
In the following, only the decomposition e p is considered; hence, to simplify the notation, the symbol``Ï '' in e and p is dropped. Remark V.1: Considerations on elasto-plastic decomposition similar to those reported above can be in general extended to any multiplicative constitutive law formulated in terms of Kirchho stress tensor. In fact, in these models, similar results are obtained every time a reference con®guration with a non-nil stress state is considered.
V.2. Rate form of the elastic law
The second order tensor which relates the increments of the principal stresses to the increments & e of the elastic logarithmic stretches can be computed as: 
SXQR
To investigate the consequence of the non-positiveness of a e , the k t k À k e e k relation (4.31) is plotted in Fig. 8 for k 0X05Y 100 and constant pressure p 100 k. It can be observed that the tangent to the stress-strain curve changes sign for k e e k ka 1a2 0X022. For a soil, this behavior is unrealistic within the elastic range. Hence, to investigate the model applicability limits, condition (5.34) is expressed only in terms of stresses, substituting the limit condition k e e k ka 1a2 in eqn (4.31):
If condition (5.35) is veri®ed, a positive strain increment produces a negative stress increment. Hence, eqn (5.35) gives the maximum attainable deviatoric stress, which can be rewritten in terms of q as:
Such a maximum was originally observed by Houlsby (1985) . Considering parameters which normally characterize soft clays, the straight line given by the previous equation lies above the critical state line; this``super-critical'' region is of real interest just for the constitutive modelling of sti clays. As example, in Fig. 9 , the graph of eqn (5.36) is plotted on the p À q plane together with the CSL and the yield curve eqn (4.33) for the case k 0X05Y 100 and M 0X9.
V.3. Model parameters
The ®nite-strain Cam-clay model discussed in this paper is based on four parameters:Y kY l and M. Hence, despite the introduction of , the parameter number is not increased with respect to the Cam-clay and Modi®ed Cam-clay formulations (see Section II). In fact, due to the replacement of vÀln p with ln # À ln p linear relations, the initial speci®c volume v 0 is no more a model constant.
The physical meaning of the four model parameters is discussed in the following.
V.3.1. Elastic parameter a. In a clay the solid phase and the interstitial¯uid compressibility can be usually neglected. Accordingly, for saturated clays in undrained conditions the volumetric strains are nil 0 and the elastic constitutive eqn (4.28) can be rewritten as:
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Hence, the undrained elastic tangent shear modulus of a clay initially consolidated up to the pressure p 0 is:
and the parameter can be obtained as:
In undrained conditions, it is J 1 and3a2 p k t k; furthermore, if the strain measure 4 e q X 2a3 p k e e k conjugated to q is introduced, it follows that:
Accordingly, the elastic parameter can be obtained from a conventional undrained triaxial test. If the test is performed on a normally consolidated sample, an unloading path is required. As shown in Fig. 10 , " u can be evaluated from the unloading phase results; then, using eqn (5.38), can be computed. 
VI. COMPARISON WITH EXPERIMENTAL RESULTS
The model ability to reproduce experimental data available in the literature is now investigated. In particular, an isotropic compression and a standard drained triaxial test on speswhite kaolin described by Al-Tabbaa (1987) are considered.
The time-integration of the ®nite-strain Cam-clay is performed using a Backward Euler scheme and a return-map algorithm, leading to the stable and accurate procedure discussed in (Callari et al., 1998) . Furthermore, to represent the results also in terms of pressure-volume curves, v c1 3X50 is assumed.
VI.2. Isotropic compression test
In the test indicated as``test 1'' in (Al-Tabbaa, 1987) , a set of loading-unloadingreloading cycles are applied on an initially normally consolidated sample p 0 p c0 100 k. The bilogarithmic diagram of Fig. 13 shows the comparison between the experimental and the predicted data in terms of Cauchy pressure p versus speci®c volume v. The initial speci®c volume v 0 2X37, given by relation (5.43), is used to represent the numerical data.
The good agreement between model predictions and experimental data is apparent.
VI.3. Triaxial compression test
The drained triaxial test indicated as``test 13 '' in (Al-Tabbaa, 1987 ) is performed on a normally consolidated sample p 0 p c0 300 k. When the deviatoric stress q 120 k is reached, the sample is unloaded. In Figs 14 and 15, the obtained stressstrain curves qap À and qap À 4 q are plotted, respectively. Computations are repeated for values of M belonging to the experimentally evaluated interval M 0X8 Ä 0X9. The ®gures point out a satisfying agreement between predicted and observed data indicating M 0X8 as the most appropriate slope for the critical state line. 
VII. CONCLUSIONS
It is well-known that inelastic eects are major phenomena in the overall behavior of geomaterials. Moreover, experimental investigations and an accurate de®nition of kinematical aspects show that the in®nitesimal-strain hypothesis is inadequate to the constitutive modelling of soft clays. Following these considerations, the elasto-plastic theory based on the multiplicative decomposition of the deformation gradient seems to be an eective framework for the constitutive description of soft clays. In particular, the extension of the elastic in®nitesi-mal-strain energy proposed by Houlsby (1985) to the ®nite-strain regime combined with the Modi®ed Cam-clay yield criterion (Roscoe and Burland, 1968) expressed in terms of Kirchho stresses leads to a model that is acceptable from a formal and a physical point of view. In fact, due to the assumed elastic potential, the shear tangent stiness increases with pressure; hence, unlike other formulations, this realistic response is obtained using a conservative stress±strain relation. Furthermore, the adoption of bilogarithmic pressurevolume relations corrects the unrealistic predictions typical of traditional logarithmic isotropic compression laws.
The model calibration can be easily performed through the comparison of its constitutive laws in terms of Kirchho stress with the analogous relations in terms of Cauchy stress. The same comparison also points out some peculiarities of the elasto-plastic decomposition of volumetric strain.
Numerical simulations of laboratory tests have shown the model ability in reproducing some experimental data available in the literature.
